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Perturbation theory for scalable solid-state guantum
computation, and single-spin measurement using
magnetic resonance force microscopy

Gennady Berman

1. Model: Ising spin chain for scalable quantum computation.

2. Perturbation approach (slow and fast dynamics; small
parameters).

3. Examples: telegportation and quantum full adder.
4. MRFM single-spin measurement (CAI and OSCAR)
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1000 qubit spin quantum computer

Pulses
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b; (t)

= ]001...000>
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Protocol:

t

| time

Circular polarized magnetic field: b (t) = b (cos(s;t +j ;), - sin(s;t +j ;), 0)

Wy =0 Bz(zk)
Number of qubits: L

|zing constant: J

Frequency difference:
AW =W 43~ Wi

g- gyromagnetic ratio

Rabi frequencies:

W =gb
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1. Quantum computer Hamiltonian:

Lo-l . Lo-l _ M
H=-awl-2Jal g, +V({L), pulses V()= aV,(t),
k=0 k=0 n=1
W_ L-1If . . N . .

Vo) =- = ka}:{lk expl- i(ent +i )+ 15 explifent +i I

| ¢ isthe z-component of kth spin,

+ — . - — . y
2. Strategy: in order to remove time-dependence in H we;
(a) make transformation to the frame rotating with the frequency
(b) use eigenstates of the effective Hamiltonian to compute
transition probabilities.
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Resonant (slow) and non-resonant (fast)
dynamics

pulse
N (N H...N N N g 7

\norl-resonant
Resonant or \

N1N o N oMo Menea NG F
near-resonant e Tlar T

In ;N H...n .M. NN T

INn ;N .. N o.M oo N NN 7 . o o

n. and n, indicate the spins with opposite orientation

Pulse which is resonant for a given qubit acts also on all other
gubits producing many unwanted states with small probabilities.



Perturbation theory based on
diagonalization of large sparse matrices
Eigenstates of the Hamiltonian —> Evolution operator
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Structure of Hamiltonian sparse matrix 21 of 2° 2 blocksand
connections (one-spin-flip hon-resonant transitions) between them:

m \ V 0 0 0 V 0 9 . .
Ev E,) O Vv 0 0 0 V | Matrix Size:
gV 0 Ere V V 0 0 0 T 2L d 2L
g + N
c 8 8 \é O |GV 8 8 = | Interaction
¢ \Y% Vv E o L+
v | o 0o 0 0 0 [Ew V + | between
0 v o o o o 1V e *|  blocks
¢ sk - W
g = 2

|E,- EnluJd or |[E - EL|F0,  |Ep - Epelu aw, |V k< J <<dw
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Perturbation theory:

Small parameters

W << J << dw

|
]

Probability of near-resonant

I

transitions B
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Probability of non-resonant 107
transitions (€ =0 )
.2
aeW o
m» ¢c—+ f (L)
edw g

f(L)»2L- 2

— — ——- Perturbation théory

—— Exact solution




A Numerical results for error-controlled
» Los Alamos .
guantum computation

NATIONAL LABORATORY

Thetotal probability of error computed using the perturbation theory

for small and for large number of qubits. Inside the hatched regions the
probability islessthan

- Improved perturbation theory
_________ - perturbation theory
| T L=1000
<2

£2 i B <P o.201 |

o201 T error '

B | _
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Simulations of MRFM cyclic adiabatic
inversion (CAI) with phase modulation

A — —
1 B,+AB

Resonant Spins: w = vB(r)

l:jE B,(t)

B,(1) = BY{ coswt +] (1) sinfwt +j ()]}
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quality factor X force gWNB,/2
QF
L. »-| Q g™
kc4— spring constant

Amplitude of driven oscillations

4QkB_|Ef4— bandwidth

chc temperature

Amplitude of thermal noise ZrmS :\/

Reguirement for detection: [Z./Z,,.[>1
For the ultrathin cantilever [T.D.Stowe et al., Appl. Phys. Lett. 71, 288
(1997)], Df =0.4 Hz, w,/2p=1.7 kHz, Q=6700, k.= 6.5" 106 N/m:

B o 10007
9z
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MRFM with CAI

QZQ
W= gy T = B — o = )8 — s — g e,

N J J N )\
Y N — Y Y
Harmonic oscillator Zeeman Interaction Excitation Sp_m- Environment
Cantilever

_ _ _ Coupling
H,—the Hamiltonian of environment

H..— the Hamiltonian of cantilever-environment interaction
H..— the Hamiltonian of spin-environment interaction

Effective magnetic field
J 1 ae 0
Bett (t) =— O, O, W - W- j&(t) +g Z- ==
Qe € Pl A
Nonlinear interaction important in OSCAR
when frequency shift is measured
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PEEEEET and classical spin magnetization

Parameters from: Rugar et al., Science, 264,1560 (1994)

0.6 T 0.6

e Two interaction parameters

force exerted by spin on cantilever =L
N ‘\‘?\?!3‘&?\‘
_gn(B,/12)ed

r»zyk hw, y |

guantum force 05
< 0 B
N [ [ E
g B < Rabi frequency s | s | s

WC « frequency Of Cantl|evel’ -1 O It 150/ - 0 ‘t 150/, - 0 i‘ 159/,

h =2.8 10 "< isextremely small in Rugar et al.

h ~10 3 €= forsingle spin



Schrodinger equation for
evolution of wave function

i Y (tz’t) “HY (2t)
Y(zt)=Y (zt) | F+Y (zt)| T
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e Cantilever is prepared f\
in a “gquasi-classical” _10"} _,
state =
210
= =
h=0.3 %108
e =400 £
4 |
10
z=27/./hw_ [k, 5
10' | | | 1
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e Cantilever is prepared
In a “quasi-classical”
state

e Asymmetric
“Schrodinger cat”
cantilever state
develops due to
coupling to spin

« Two heads of the
cantilever are
composed of both spin
states

Schrodinger cat state

Probability (z)

for the cantilever
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P(z)

P(z)

P(z)
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Probability distribution of the cantilever
coordinate for different times
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Two heads of the cat oscillate
periodically in time!

Probability distribution of the
cantilever coordinate z for e=400
and h=0.3. Theinitial conditions:
Z(0)= an=-20, p,(0)= §.,hi=0, and
the average spin isin the direction
of the effective magnetic field.
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. . I <§'>11 . <S>right — <S>
 Total wave functionis 4 _ .. R
entangled 2 b) | 2
n 0 TS / /
1 :
Y Ycantilever A Yspin :
1
* Wave functions in - °) D
each head are Z 0 ¢ / — '\\
disentangled! :
-
right _— right A right { g h) i)
Y - Ycantilever A Yspin :
left _ s left Ao\ left |
Y - Ycantilever A Yspin N TR N
-1 0 1 Q -1 0 1

Orientation of the average spin in
each head of the Schrodinger cat
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(Z(OF=£Y (2,0) | Z|Y (2,0)F

50

o Although the
“Schrodinger cat”
appears,

on average the
cantilever is excited

25

<z(t)>

0 t 47. 75/,



A Suppression of Schrédinger cat state
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in MRFM with CAI

B Reducing initial angleQ
eff

Rotating frame 1| we significantly suppress

Schrodinger cat

-1 (0) +2z(0)—

This improves conditions
for single spin

measurement using
single spin 1 MRFM with CAI
T — >

e X



s Suppression of Schrodinger cat
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At t=0 spin is
oriented
approximately in,
the direction of B 4

Probabillity of
small head is 5>10°°

state In MRFM with CAl

t=14.7/f,, P, .=0.999994, P =0.000005

(8]

10° .

1A

L oF — P
—— P

22

P(z.t)

30



A5 Measurement of spin state in MRFM
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o with CAl using acantilever phase

100 [ . . - . Measurement of the single-spin state
O -1 using the phase of the cantilever
";':J L ¢ AN - x\‘ /J_}\ N . . . 2 ~
v _53 /\/\) 4 vibrations. For the dynamics of &(t)n
100 | and &S,(t )fithe solid line corresponds

- | | ~ to"hig’ (classical) peak of the SC

: . state, and the dashed line corresponds
to “small” (quantum) peak of the SC
state renormalized to the ssimilar
amplitudes. At the bottom the
dynamics of the z-component of the
effective field is shown.




L Fi nitetemperature approach to
MRFM with CAI

2 k272
H = 2%2 -+ mcg@’z — TL(wL — W — %‘?)Sz — hw1Sz — QM%ZSZ'I'HEH_LeH_Le
J

N ) J N )\
Y Y — Y Y
Harmonic oscillator Zeeman Interaction Excitation Sp_m- Environment
Cantilever
Coupling

We are calculating a reduced density matrix equation for this
Hamiltonian and finding the dependences of the dynamics of spin
detection in MRFM CAI with phase modulation and in OSCAR, on:

Quality factor of the cantilever, Q

Diffusion coefficient, D

The interaction force with magnetic particle, h
The amplitude of therf field, e.

~wWh



AN Decoherence time for the cantilever
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(G.P.Berman et al., PRA 61, 032311 2002)

2
tdw hoaehwow
»

tc k kBT ézrms 4] §2kBT 3] Qc

t.= Q./w,— time-constant of the cantilever
, \/4QkBTDf

. — the amplitude of the thermo-mechanical noise
W

C C

For an ultrathin cantilever [T.D.Stowe et al., Appl. Phys. Lett. 71, 288
(1997)], Df =0.4 Hz, w,/2p=1.7 kHz, Q=6700, k.= 6.5" 10 N/m,

the decoherence time is extremely small
ty/t>7 1015/ T 2 (t= Q. /w_.» 0.6 S)

Spin quickly jJumps in (or opposite) the direction of the effective
magnetic field



Dynamical modeling of MRFM —
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AAAAAAAAAAAAAAAAAA OSCAR technique
| magnetic
2 | By particle
cantilever |
l e / external
) ; N force F(t)
| ﬂl
B (t) ‘v



, Method for measuring the
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Nonlinear oscillations of the cantilever are described by the

eguation: |
&= f(z, &t,m),
where f Is the nonlinear function of z.
Dynamics of the spin isgiven b}/ the equation:
=g(z,m)

The influence of the spin on the dynamics of the cantilever
results in the frequency shift of the cantilever.
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The frequency shift of the

cantilever in OSCAR technique

Dependence of the amplitude a of the driven oscillations of the cantilever on the detuningr. The
vauesaand r are dimensionless. The value a=1 is the amplitude of driven oscillations of the
cantilever in the case of exact resonance, when n=w, (r =0) without spin.

0.9999
0.9998
0.9997 ¢
0.9996

0.9995 [

— with spin and different initial conditions

—0.6001
P
\ J\

o

0.0001
J

Y Y
Frequency Frequency

shift

shift

r =(n-w)/w,
n- frequency of external mechanical
force acting on the cantilever

w, - frequency of small oscillations
of the cantilever

For reasonable parameters and
for w,./2p=10°Hz the frequency
snift per one magneton is» 6 Hz.



L M larros Cyclic adiabatic inversion
conditions in OSCAR technique

In order to make the influence of the spin on the cantilever strong enough the average
dynamics of the spin should be coherent with the dynamics of the cantilever. To provide this,
the amplitude of the time-dependent magnetic field, B. , must be large, e =gB. /w_>>1,

where g is the gyromagnetic ratio. M,, M,, and M, are the components of the spin measured
in units of Bohr magneton.

- Numerical simulations
- Analytic solution for averaged dynamics

e=280 e=28
L B o U RS Sme LI B L R e G IR 2
1 My T M. [ C  Mx | My NV
0.5 oO.5
= =
§“O 2.,0 - _ _
= =
—0.5 | —0.5
» - iy | I
(0] 2 4 S 2 4 S 2 4 S O 2 4 S 2 4 (S3 2 4 S



L M larros Dynamical theory of MRFM-
OSCAR with many spins

We use discrete equations for magnetic moments in the resonant slice

|
r%( =-0", Bt k- magnetic moment in the kth cube

[ [ nm, 3(mMn, )N, - m
_ 0 k 'k -
Beft Kk = Bext + ; Resonant slice
4p rk %
M - magnetic moment of the tip e
e =N () 57
The force acting on the cantilever: 105
F=-a (mN)Bg Kk 11075 e
xo Y
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